
 Antipodes
Motivation If A E IR is a bounded region w boundary made upmum

of finitelymany line segments we can always find a line that

perfectly bisects it

Let f c area of A below Y c
g c

f is continuous sothe intermediatevalue area
gotheorem says F c sit f c area of A

What if instead we have 2 regions Can we find a line that bisects
both simultaneously It turns out we can by a corollary to the
Borsuk Ulam theorem

First we need some definitions and theorems

Def If t e s its antipode is thepoint x A map h S Sm

is antipodepreserving if hC x h x for all x c 5
x

Ee Rotation of S by 0 is c It
antipode preserving ha

X

Thmi If h S S is continuous and antipode preserving then it's

hethulhomotopic

PI let b 1,0 cS let p S S be the rotation mapping
h bo to b



Since h is antipode preserving and bo

p is antipode preserving P h is
hlbo

antipode preserving

If It were a homotopy between h and a constantmap then

P oH would be ahomotopy between pohand a constantmap So we

can reduce to the case h bo bo

let q S S be thedeg 2 cover q cos0 sin01 40520 sin20

This is a covering map and thus a fq
quotient map
Note that two antipodal points ITapart get sent to the same pt
so q S Syn where Z n Z

so q htt qf h z q htt i e goh sends the points

that get identified via q to the same point

Thus 7 k S s s.t gh hog

g

o

y µ
Note that k is nontrivial let bo

bo
be a path fromb lo b U

b bo bo



let f goI
K t ko goof qolhof

Since h is antipode preserving hot is a path from boto Bo
This is a lift of the loop gohot whichdoesn't end at bo
so by the liftingcorrespondence k f is notthe identity su k is

nontrivial and thus it's injective from Z to Z

q is alsoinjective malt by 2 So k oq 9 h is injective so

hit is his net hulhomotopic D

Cer There is no continuous antipode preservingmap g S S

PI Suppose g is continuous and antipode preserving
Consider S Es as the equator

B b g
s's O

sS2

Then gIs is not hulkomotopic but it extends to a map on the
ball B which is a contradiction D

zBorsukUlamtheoremfors2 i.lt f 5 IR is continuous there's a

point x c S s t f x fl x



PI suppose f x t fl X for any x Then

g x
fC
11Hx fl HH is a continuous map from 5 to s and

g x gC x tix a contradiction D

fore An open set in 1122 cannot behomeomorphic to an open set in
112 for h23

Note this is obvious for 112 and anyotherdim since removing a point
from Cab disconnects it This is less obvious in higherdims

Pf If U E IR open and fill 1122 an embedding thenthereis

some Br x CU for r small but BI is homeomorphic to
B 213325 so we get a map flag S 1122which is a

homeo onto its image a contradiction

Them Given twobounded polygonalregions in 1122 there's a line
in R that bisects each of them

PI let A and A lie in theplane 1122 B in 1123
I 2

Given ne 5 let PE1123 bethe plane throughthe origin w u

as a normal vector

P divides Minto to half planes at
i ifi u area of A that lies on the side of the I



line in thedirection of U

Thus f u fifa area at Ai i

Then F u flu Hul is a continuous

map from 5 toIR l t
f l

I
F some ns.t F u Ff u t l

i
I

fi u E area Ai D

In fact this generalizes to he bounded measurable setsin IR In
1123 it's called the hamsandwichtheorem


